Abstract: In this paper we introduce some multiplier sequence spaces of fuzzy numbers by using a Musielak-Orlicz function M = (M k ) and multiplier function u = (u k ) and prove some inclusion relations between the resulting sequence spaces.
Introduction and Preliminaries
Fuzzy set theory, compared to other mathematical theories, is perhaps the most easily adaptable theory to practice. The main reason is that a fuzzy set has the property of relativity, variability and inexactness in the definition of its elements. Instead of defining an entity in calculus by assuming that its role is exactly known, we can use fuzzy sets to define the same entity by allowing possible deviations and inexactness in its role. This representation suits well the uncertainties encountered in practical life, which make fuzzy sets a valuable mathematical tool. The concepts of fuzzy sets and fuzzy set operations were first introduced by Zadeh [20] and subsequently several authors have discussed various aspects of the theory and applications of fuzzy sets such as fuzzy topological spaces, similarity relations and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathematical programming. Matloka [12] introduced bounded and convergent sequences of fuzzy numbers and studied some of their properties. For more details about sequence spaces see ( [1] , [2] , [14] , [17] ) and refrences therein. The study of Orlicz sequence spaces was initiated with a certain specific purpose in Banach space theory. Indeed, Lindberg [9] got interested in Orlicz spaces in connection with finding Banach spaces with symmetric Schauder bases having complementary subspaces isomorphic to c 0 . Parashar and Choudhary [16] have introduced and discussed some properties of the sequence spaces defined by using a Orlicz function M which generalized the well-known Orlicz sequence space l M and strongly summable sequence spaces [ [19] used the idea of an Orlicz function to construct some spaces of complex sequences. The concept of statistical convergence was introduced by Fast [6] and also independently by Buck [3] and Schoenberg [18] for real and complex sequences. Further this concept was studied by Fridy [7, Connor [4] ] and many others. Statistical convergence is closely related to the concept of convergence in Probability. A fuzzy number is a fuzzy set on the real axis, i.e., a mapping u : R n → [0, 1] which satisfies the following four conditions:
1. u is normal, i.e., there exist an x 0 ∈ R n such that u(x 0 ) = 1;
2. u is fuzzy convex, i.e., for x, y ∈ R n and 0
3. u is upper semi-continuous;
, then u is called a fuzzy number and L(R n ) is a fuzzy number space. Let C(R n ) denote the family of all non empty, compact, convex subsets of R n . If α, β ∈ R and A, B ∈ C(R n ), then α(A + B) = αA + αB, (αβ)A = α(βA), 1A = A and if α, β ≥ 0, then (α + β)A = αA + βA. The distance between A and B is defined by the Housdorff metric
where . denoted the usual Euclidean norm in R n . It is well known that (C(R n ), δ ∞ ) is a complete metric space. For 0 < α ≤ 1, the α-level set [u] α is defined by
. For the addition and scalar multiplication in L(R n ), we have
, where δ ∞ is the Housdorff metric.
The idea of statistical convergence depends on the density of subsets of the set N of natural numbers. A subset E of N is said to have density δ(E) if
where χ E is the characteristic function of E. It is clear that any finite subset of N has zero natural density and δ(E c ) = 1 − δ(E). A sequence x = (x k ) is said to be statistically convergent to the number L if for every > 0, δ({k ∈ N : |x k − L| ≥ }) = 0. In this case, we write S − lim x k = L. A sequence X = (X k ) of fuzzy numbers is said to be bounded if the set {X k : k ∈ N} of fuzzy numbers is bounded and convergent to the fuzzy number X 0 , written as lim k X k = X 0 , i.e if for every > 0 there exists a positive integer
∞ and c F denote the set of all, bounded and convergent sequences of fuzzy numbers, respectively see [12] . An Orlicz function is a function M : [0, ∞) → [0, ∞) which is continuous, non decreasing and convex with M (0) = 0, M (x) > 0 for x > 0 and M (x) → ∞ as x → ∞. Lindenstrauss and Tzafriri [10] used the idea of Orlicz function to define the following sequence space. Let w be the space of all real or complex sequences x = (x k ), then
which is called as an Orlicz sequence space. Also l M is a Banach space with the norm
Also, it was shown in [10] that every Orlicz sequence space l M contains a subspace isomorphic to
, for all L with 0 < L < 1. An Orlicz function M can always be represented in the following integral form,
where η is known as the kernel of M , is right differentiable for t ≥ 0,
is called the complementary function of the Musielak-Orlicz function M. For a given Musielak-Orlicz function M, the Musielak-Orlicz sequence space t M and its subspace h M are defined as follows
where I M is a convex modular defined by
We consider t M equipped with the Luxemburg norm
or equipped with the Orlicz norm
Let λ = (λ n ) be a non-decreasing sequence of positive numbers tending to ∞ and λ n+1 ≤ λ n + 1, λ 1 = 1. The generalized De la Vallee-Poussin mean is defined by
The spaceĉ of all almost convergent sequences was introduced by Maddox [12] has defined x = (x k ) to be strongly almost convergent to a number l if
|x k+m − l| = 0, uniformly in m.
The following inequality will be used throughout this paper. Let p = (p k ) be a sequence of positive real numbers with 0 < p k ≤ sup p k = H, and let D = max(1, 2 H−1 ). Then for a k , b k ∈ C, the set of complex numbers for all k ∈ N, we have
Let Λ denote the set of all non-decreasing sequences λ = (λ n ) of positive numbers tending to ∞ such that λ n+1 ≤ λ n + 1, λ 1 = 1, M = (M k ) be a Musielak-Orlicz function and p = (p k ) be a bounded sequence of positive real numbers. A sequence X = (X k ) of fuzzy numbers is said to be almost λ-statistically convergent to the fuzzy number X 0 , with respect to the Musielak-Orlicz function, if for every > 0
where the vertical bars indicate the number of elements in the enclosed set and
The set of all almost λ-statistically convergent sequences of fuzzy numbers is denoted byŜ F (λ, M k , u, p). In this case, we write X k → X 0 (Ŝ F (λ, M k , u, p)). In the special cases λ n = n for all n ∈ N and M k (X) = X, p k = 1, u k = 1 for all k ∈ N, we shall writeŜ
, respectively. Furthermore, the set of all almost statistically convergent sequences of fuzzy numbers is denoted byŜ F Let λ ∈ Λ, M = (M k ) be a Musielak-Orlicz function, p = (p k ) be a bounded sequence of positive real numbers and u = (u k ) be a sequence of strictly positive real numbers. Then we define the following classes of sequences in this paper:
, we say that X is strongly almost λ-convergent with respect to the Musielak-Orlicz function M = (M k ). In this case we write
The following sequence spaces are defined by giving particular values to M, u, p.
. In this paper we shall prove properties of linearity and some inclusion relations between the classes of sequencesŵ
Main Results
Theorem 2.1. For any Musielak-Orlicz function M = (M k ), p = (p k ) be a bounded sequence of strictly positive real numbers and u = (u k ) be a sequence of positive real numbers, we havê
Proof. The inclusionŵ
where sup
be a bounded sequence of positive real numbers and u = (u k ) be a sequence of strictly positive real numbers, thenŵ
are closed under the operations of addition and scalar multiplication. M, u, p) and α, β ∈ C. Then there exist positive numbers ρ 1 , ρ 2 such that
Define ρ 3 = max(2|α|ρ 1 , 2|β|ρ 2 ). Since M = (M k ) is non-decreasing and convex, we have
This proves thatŵ
is a linear space. Similarly we can prove for other cases.
be a bounded sequence of positive real numbers and u = (u k ) be a sequence of strictly positive real numbers. If sup
Proof. Let X ∈ŵ F (λ, M, u, p), then there exists a positive number ρ 1 > 0 such that
Define ρ = 2ρ 1 . Since M = (M k ) is non-decreasing and convex, for each k. So by using (1), we have
, which completes the proof.
Proof. Let X ∈ŵ F (λ, u, p), then we have
Let > 0 and choose δ with 0 < δ < 1 such that M k (t) < for 0 ≤ t ≤ δ. Then
by using continuity of (M k ). For the second summation, we will make the following procedure. Thus we have
Since M = (M k ) is non-decreasing and convex, so we have
Again, since M = (M k ) satisfies the ∆ 2 -condition, it follows that
Thus, it follows that
Taking the limit as → 0 and n → ∞, it follows that X ∈ŵ F (λ, M, u, p). Similarly, we can prove thatŵ 
Then for every 0 < < 1, there exists a positive integer n 0 such that
for all n ≥ n 0 . This follows that
Theorem 2.7. If M = (M k ) be a Musielak-Orlicz function, p = (p k ) be a bounded sequence of positive real numbers, u = (u k ) be a sequence of strictly positive real numbers and 0 < h = inf p k ≤ p k ≤ sup p k = H < ∞. Thenŵ F (λ, M, u, p) ⊂Ŝ F (λ).
Proof. The proof of the theorem follows from the following inequality:
where 1 = ρ .
Theorem 2.8. Let M = (M k ) be a Musielak-Orlicz function, X = (X k ) be a bounded sequence of fuzzy numbers and 0 < h = inf p k ≤ p k ≤ sup p k = H < ∞. ThenŜ F (λ) ⊂ŵ F (λ, M, u, p).
Proof. Suppose that X ∈ l F ∞ and X k → X 0 (Ŝ F (λ)). Since X ∈ l F ∞ , there exists a constant K > 0 such that d(t km (X), X 0 ) ≤ K for all k, m. Given > 0, we have
where T = K ρ , ρ = 1 . Hence X ∈ŵ F (λ, M, u, p).
